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Abstract — The lenses as characteristic for optical
systems are volume parts whose analysis of stress and strain
state requires a three-dimensional approach. This paper
contains a description of the Finite Element Method
principle (FEM) in the analysis of triaxial stress and strain
state, with specific on tetrahedral linear finite elements,
which are suitable to pieces meshing such as the lenses.
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I. INTRODUCTION

INITE element's method (FEM) has established

itself as a modern method of solving a wide range
of engineering problems that traditional methods,
analytical, are difficult or impossible to solve.

FEM is based on the idea that the continue material
structure of real body, having a infinite degree of
freedom, can be divided into a finite number of
subdomains, with a geometric and physicomechanical
own status, and having attached a number, also
finished, of freedom degrees.

These subdomains, called finite elements, through
reassembling, reconstruct the initial body, and render
its reaction with a certain degree of approximation.

Mathematical method of calculation is based on
variational principles [1], [2]. In mechanical problems
of elasticity [3], it involves a scalar quantity, the IT
function, defined by an integral form :

9 d
= iF(u,&u,...)dQ+i[E(u,a—xu,...JdF (1)

where u represents unknown function,

E, F — operators
Q, T - domains
X, ... - independent variables

The solution of continuity problems is a function
based on the stationary nature of IT function towards
small variations Su. Therefore, a solution to a
problem  of  continuity, has the  main
phenomenological formula:

SII=0 2

In general, if a problem may be applied to a
variational principle, then we can find a function u ,

to approximate the u function, in the form:
uz=u=) Nja 3)

where N; represents shape functions, depending on
independent variables, and on all or only some of the
unknown measures a..

Applying (3) leads to a system of equations with a;
unknown.

Stationarity finding methods using functions that
depend on a parameters are named after Rayleigh
and Ritz.

Solving an application through FEM follows a
route that includes the following steps [1], [2] :

1) meshing analysis domain

2) elements' equation formatting and their assembly
to the structure of the equation system

3) solving the equation system

4) postprocessing results

I1. MESHING ANALYSIS DOMAIN

By meshing, real solid is divided into simple
subdomains which, by reassembling, render a high
approximation, the form from which it started. These
elements become, through mathematical modelling,
finite elements.

Finite elements may be linear, two or three-
dimensional, depending on the requirements of the
application.
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The most simple spatial forms, suitable for meshing
bodies with curved surfaces, such as lenses, are
prismatic or tetrahedral elements [4], [5], [6]. From a
mathematical perspective, in order to preserve the
linear element, splitting prism in tetrahedral elements
is applied. Triangle based prism generates three
tetrahedra, (Fig. 1.) and the trapezoid prism
decomposes into five tetrahedra (Fig. 2.).

Prism characteristic parameters result easy, by
averaging the quantities corresponding to tetrahedra
components. So, for brick items, computer programs
deliver sizes of nodes and a central value.

Fig. 1. Decomposition of brick elements having triangle
tetrahedra base
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Fig.2 Decomposition of brick elements having
quadrilateral tetrahedra base

I1l. ESTABLISHMENT OF FINITE ELEMENT
EQUATIONS AND THEIR ASSEMBLY IN EQUATION
SYSTEM STRUCTURE

Tetrahedral finite elements with four nodes is a
linear element defined by its local coordinates
reported to the i, j, p, m nodes or by global
coordinates reported to an xyz triortogonal system,
exterior to the structure (Fig. 3.).

A

y

Fig. 3. Local and global coordinate system
of tetrahedral element

In applications, where stress and strain are
analyzed, the main unknown functions are the
displacements [3], [6], [7], [8]. A wvector of
displacements is defined on a {f} element, and a
vector of nodal displacements {d.} (4 and 5):

{f}=H (4)

. (5)

Displacement functions u, v, w are approximated
on the element by linear interpolation functions:
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u=0q+0oX+0o3y+oyz ( )
6

VvV =045+0gX+ a7y +0ogz
W =09 + 010X+ 011y + 0122

In (6) u, v, w displacements are replaced by nodal
values, and X, y, z coordinates with the corresponding
nodes values. A 12 equation system results from here,
having the unknown coefficients a;...ou,.

These are called generalized coordinates and have
no physical significance. In order to determine
elementary displacements, nodal displacements must
be determined.

The displacement shape functions on the element,
reported to nodal displacements, are represented in 7,
8and9:

1 {(ai +hix+ey+diz +(aj +bjx+cjy+djz)1j +(ap +bpx+cpy+dpz)1p +]

u=—
() +(am+bmx+cmy+dmz)um
(7
u=i (ai+hix+ciy+diz)vi+(aj+bjx+cjy+djz)vj+(ap+hpx+cpy+dpz)vp+
6V +(am+bmx+cmy+dmz)vm
(8)
u=i (ai+bix+ciy+diz)wi+(aj+bjx+cjy+djz)wj+(ap+bpx+cpy+dpz}vp+
v +(am+bmx+cmy+dmz)wm
©)
where V is the volume of the tetrahedron.
&...am, bi...bm, Gi...cm i...dqy - coefficients

calculated depending on the nodes’ coordinates.
Element displacement functions can be written as
in (10):

u=Nju; + Nju; + Npup + Npup,

(10)
v=Njvj + Njvj + Npvp + NV
w=N;w;j +Njw;j+Npwp + Npywp
where:
N; =aj +bjx+cjy+djz
N;=a;+b;x+c;y+d;z
J J ] J J (11)

Np =ap +bpx+cpy+dyz

Nm=ap +tbpx+cpy+dpz

Ni, Nj, Np, Np functions are called interpolation
functions and have value 1, in the nodes with the
same index. In the other nodes they are null
(Example: in i node, N;=1. And in j, p and m nodes
N;i=0).)

In order to determine nodal displacements, with
elasticity problems, a variational formulation applied
to energy methods is used. For this, IT functional is
defined:
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Mm=U-w (12)
where: U represents strain energy, W - the mechanical
work of external forces.

For one element we can write:

(13)

Vo= [ (F61Tle) 6 ooy

Ve

We= [ 1" {FJav+ [{fT{Qas+{ac] b} (14)
Ve Se
where {&} is specific displacement vector;
[E] - elasticity matrix;
{oo} - initial tension vector;
{f} - elementary displacement vector;
{F} - volumetric forces vector, acting on the
element;
{Q} - surface force vector, acting on the element;
{pn} - concentrated force vector, acting on the
element;
{d.} - nodal displacement of the element vector.

Specific strains and elementary displacements are
expressed depending on nodal displacements:

{e}=[Bl{dc}
{f}=[NNd.}

(15)
(16)

For a system that contains M elements, potential
energy will be:

M
m=> 1, 17)
1
Minimizing the TII functional  equals,
mathematically, the requiring of cancellation
condition of partial derivatives related to d;
displacement of the element:
oIl —
— =0, i=1n 18
aa; ) (18)

where n represents degrees of freedom number of the
system and is the product of the number of nodes and
the number of degrees of freedom per node.

A system of M equations results:
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[%4] [ 8] [E][B]dV]{d}= %[— [ BI"{eo)av + [INT"{Flav +

Ve Ve
+ J’[N]T[Q]ds}r{P}
Se
(19)
where {d} is nodal displacement vector of the
following structure:
M
fa}=2> {a.} (20)
1
{P} - nodal forces vector of the structure:
M
{P}=2 {pn} (21)
1

Stiffness matrix of the [k] element and of system
[K] is defined:

- [l Elsky

(22)

(23)

[K]= 3, [BI'ETskv
1V,

Finally we obtain the canonical form of the finite
element matrix equation (the fundamental equation):

[fa}={R}

where {R} represents, in the most concise form, the
volume requests vector, of surface and concentration.

For the finite tetrahedral element, previous general
considerations are particularized as follows.

Starting from elementary displacement vector, (25),
which is  expressed depending on nodal
displacements, using N formed functions, previously
determined:

(24)
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=
=
1l

\ (25)

=

The matrix of the unit deformations can be written
as:

ou
ox
ov
£y g
° ow
& 0
{8}=‘ f =1 du Zav >=[B]{de} (@7)
YXy —_—
y 0y oOx
ey, o
Vaz) 0z oy
Ou ow
JR— + —_—
L0z Ox J
[B] is called matrix transformation of

displacements in unit deformations and has the
following form:

b; 0 0 b 0 0 .
0 ¢ 0 0 cj 0 (28)
[B]: (1} (1} d; 0 0 dj
¢j +b; 0 0 cj +bj 0 0
0 di +¢ 0 0 dj +Cj 0
0 0  di+b; 0 0 di+b

Elasticity matrix [E] has the following form:
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1-v v v 0 0 0
1-v 0 0 0
0 1-v 0 0 0
[£]- E o o o =T 0
(1+vX1—2v) 2 1-2v
0 0 o0 0 > 0
0 0 o0 0 0o 1=
L 2
(29)

Stress vector is written using Hooke’s law,
generalized:

{o}=1°" | = [EXe} (30)

Stiffness matrix of finite element becomes:

[k]= [[B]'[EIBlav (30)

Acting forces vector on the element can be:

{fo} - forces vector due to initial stress:

ffo}. =- [[B]"{o0)av (32)
Ve
{fm}e - volumetric forces vector (mass):

FX
fim)e = [ NTF)av = [ IN]'{Ry (33)

F,

In the above expressions, such integrals are written:

o o
1= [1phixiav (34)
Ve

Their value equals with:

a!B!y!d!

{fs}. - Surface forces vector:

Qy
fts). = [ IN['[Qlas = [ [N]"{ @y tas  3e)
Se Se Qz

{r}. - concentrated forces vector:

Iy

Il =41y @37)

Iy

A system of finite elements equations is written, in
canonical form:

[k]{d}e = {f}e (38)

The matrix and the elements’ vectors in (38) have

the following dimensions:

[K] - 4x3 (nodes number x degrees of freedom per
node number)

{d}e - 1x12 (12 = shifting components’ number x
nodes number)

{f}e - 1x12 (12 = force components’ number x
elements’ nodes number)

Having determined the finite elements’ equations
of the structure, we proceed to their assembly, as
opposed to meshing.

Geometrically, the solid structure from which we
started is recovered, and mathematically, a global
model of the system is resulting.

Assembly is made separately, on stiffness matrix,
displacements and forces, following two operations:
1) expansion of elementary matrices
2) adding expanded matrices.

Stiffness matrix of the system is a square matrix
with nxn dimensions (n — networks’ nodes number x
degrees of freedom per node number).

Expanded matrices of nxn dimensions, are
obtained by replacing ki (3x3) matrices in the
system’s matrix, based on a connection matrix. Other
expanded matrixes’ elements are considered to be
null.

The systems’ stiffness matrix results from the sum
of expanded matrixes.

The systems’ displacement vector U (1x3M),,
includes all components of nodal displacements:

Cup )
Vi
w1
{uj=¢ : ¢ (39)
um
M
(WM |

Nodal forces vector is obtained the same way :
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(40)

The following matrix equation results:

[KKU}={R} (41)

In this equation, the boundary conditions are
introduced. These involve, in general, the null values
of displacements or rotations.

In the stiffness matrix of the system, the rows and
columns of the known movements are canceled. For
example, if the displacement value of u; is known,
(41) will be written as:

K11 kKi-1 Kyi+1 Kin |[ wmp Ry Ky,i
Ki-11 0 Ki—pi-1 Kicgier o Kiegn [Juicg| _ JRiz | [Ki-1i
Kiv1,1 - Kirni-1 Kitni+1 - KitLn [[uis1 Riy1 HKigri
kn,l kn,i—l kn,i+1 kn,n Up Ry, kn,i

(42)

In this way the system’s stiffness matrix size and
vector length is reduced. Formally, the structure of
the reduced form equation is written as:

[KHU}={R} (43)

IV. SOLVING THE SYSTEM EQUATIONS AND POST
PROCESSING THE RESULTS

Solving the linear system of equations can be done
by various direct, iterative or accurate methods. Using
the Cholesky factorization method, for example, the
coefficient matrix of the system is converted to the
product of two triangular matrixes, which enable the
easy, direct sequence of an unknown, one by one.

Values are obtained by solving the system nodal
displacements [9], [10].

By post-processing we can determine all stress and
strain state of the analyzed structure

56

V.CONCLUSION

Solving  finite element elasticity requires
specialized software. Automatic calculation is
essential, given that the number of elements varies
between several hundred and several thousand,
generating systems containing tens or hundreds of
thousands of equations.

The presentation of post-processing results,
according to the used computer program, allows
storing data as numerical values or listing multiple
graphic shapes, having attached chromatic scale,
which is much more intuitive.

Choosing the tetrahedral finite element as being
the most suitable in terms of geometric shape and
mathematical modeling  for  meshing three-
dimensional components like lenses .
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